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These lecture notes are a projection of the MA244 Analysis III course 2012/2013, delivered by Dr Claude
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1 THE INTEGRAL FOR STEP FUNCTIONS

1 The Integral for Step Functions

Definition 1: For a < b in R, the function ¢: [a,b] — R is called a step function if there is a finite set of
points P C (a,b), called a partition, so that ¢ is constant on each subinterval of (a,b) \ P.

T T T T T

a P P, Py J2 b= P,

If the points of P are numbered in order such that a =: Py < P| < P, < ... < Pr_1 < P, := b, where
k = |P| — 1, then [a,b] is partitioned into k subintervals [P;_1,P;], 1 < j <k.

We define C; be the constant value of ¢\(pj71’pj). If P, Q are partitions and P C @, we say that @ is a
refinement of P. Also the common refinement of two partitions, P and @, is P U Q.

Proposition 1: Fix a < b € R. The set of functions f : [a,b] — R is a real vector space, say W. The
subset Bla,b] of bounded functions, the subset C[a, b] of continuous functions and the subset S[a,b] of step
functions are vector subspaces of W with S[a, b] C Bla, b, and Cla,b] C Bla, b].

Proof.

e Let f,g:[a,b] > Rand \,u € R. Then A\f + ug : [a,b] — R is defined Vz € [a,b] by (Af + pug)(x) =
Af(x) 4+ pg(x). As this is defined, addition of f and g and scalar multiplication with these functions is
defined. This is the definition of a vector space, so f : [a,b] — R is a real vector space, W.

e f,geBla,b] > R = Vz € [a,b], |f(z)| < K and |g(z)| < L for some K,L >0
= Vz € [a,b], [(Af + pg)(@)| = |Af(z) + pg(z)]
< AF @)+ |pllg(2)]
< MK + [ul L
S Af + g € Bla,b], and also f =0 € Bla, b]
.. Bla, b] is a vector subspace of W.

e If v and v are step functions constant on the open intervals of partitions P, @ respectively then ¢,y
and so Ay, ut) are constant on the open intervals of P U Q so A + uw € Sla,b] so S[a,b] is a vector
subspace of W. If ¢ € Sa, b] it takes at most 2k + 1 values, i.e. {C}:1 < j <k}U{p(P;):0<j <k}
so o € Bla, b].

.. Sla, b] is a vector subspace of W.
.. Sla,b] C Bla, b

e Recall from Analysis II that f,g: [a,0] = R cts = Af + pg cts. Also cts f : [a,b] — R is bounded.
Thus Cla, b] C Bla,b]. O



1 THE INTEGRAL FOR STEP FUNCTIONS

Definition 2: Let ¢ : [a,b] — R be a step function constant on the open intervals of a partition P =
{P]_,PQ, -~-Pk—1} with Vj € {17 ,k}V$ S (Pj_l,Pj>), (p(LI}) = Cj. Define

k

/abw =Y Cy(P;— Piy)

j=1
Note: This definition ignores ¢(P;) and if C; < 0 then the contribution is negative.

For example, take this step function on interval [a, b] with six partitions, with the shading corresponding to
the area.

CL:PO P1 fg ]:3 ]:4 .F5 b:PG

Lemma 2: For a step function ¢ : [a,b] — R, f: © is independent of the partition.

Proof. If P and @ are partitions for which ¢ is constant on their open intervals it suffices to show that the
integral of ¢ is the same using P and R := P U @ (because then also the same using @ and R). When
comparing P and R, it suffices to add the points one at a time. Thus consider P and P U {r} where
P_i<r<BFkh.

Pi<z<r = p)=C,r<z< P, = ¢(x)=C,;, and C;i(r — Pj_1) + C;(P; — 1) = C;(P; — P,_1).
The other summands >, C;(P; — Pj—1) are the same for P and P U {r} so fab  is the same using P and
Pu{r}. O
Now we establish properties of this integral of step functions, additivity, linearity, bounds and the Funda-
mental Theorem of Calculus.

Let ¢ : [a,b] — R be a step function and a < u < v < w < b. Then @[, ) is a step function using PN (u, w).

Proposition 3 (additivity): ¢ € S[a,b] satisfies [" o = [ o+ [ .

Proof. Take partition u =Py < P, < ... < Py_1 < Ph=v=¢qp < q1 < ... < g¢; = w so that ¢ is constant on
each open interval, Cj on (P;_1, P;) and C} on (g;j-1,¢;). By Lemma 2:

w k Z v w
/ ‘PZZCJ‘(PJ'—Pj—1)+20§(qy'—Qj—1)=/ s0+/ ©
w J=1 j—1 u v

Note that this gives f;go = FI,? »+ f;,? o+ ...+ f::il ¢ where each ¢|p,_, p;) is a constant function so

Proposition 3 reduces integrating step functions to integrating constant functions. Convention: f: =20
then Proposition 3 holds for u < v < w. O
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Proposition 4 (linearity): Let ¢, v € S[a,b] and A, x € R. Then:

/:(M+W)=A/:s0+ﬂ/:w (%)

Hence I : S[a,b] = R, I(p) := f: © is a linear map.

Proof. Asin Lemma 2 let R = PUQ a partition so that on each open interval (r;_1,7;), ¢, ¥ and so Ap+ py
are constant. Proposition 3 reduces the proof of (x) to its proof on each such interval where it is obvious.
Hence [ is linear. O

Proposition 5 (fundamental theorem of calculus for step functions): Let ¢ € S[a, b] with ¢|p,_, p,) = Cj,
1 <75 <k where a = pg <p1< < p_1 <pr=0»
Then @ : [a,b] — R, ®(z) := [ ¢ is differentiable on

k
U i1, P, andV:CEU i—1, Py), @' (x) = ¢(x)

Proof. For 1 < j <k, Yx € (Pj_1,P}), by Proposition 3:

x Pj_1 x Pj—1
:/ <P:/ tp—i-/ <p=/ ¢+ Cj(x — Pj_1) = const. + Cjz
a a Pj—1 a

So ¢|(p,_,,p,) is differentiable with derivative Cj;. 0

Example:

(2) 2, ifo<z<1
€T) =
7 1, ifl<z<3

(I)_/w 2, ifr<0<1
S T 20—+ ()@ -1)=3-= fl<z<3

1. @ is differentiable on [0,1) U (1, 3] with & = .
2. @ is continuous but not differentiable at x = 1.
3. Changing ¢(1) does not affect 1. and 2.
Definition 3: For f € Bla, b] write ||f||co := Sup,e(q, | f ()], called the supremum norm of f.

Example: In B0, 27], ||sin||e = 1, || cos ||oo = 1, || sin — o8 ||oe = V2

Proposition 6 (bounds for the integral): Let a < b and ¢ € S[a,b] with Vz € [a,b], m < ¢(z) < M. Then:
b
K
Proof.

e Take a = Py < P; < < Py_1 < P, = b s.t. VjE{l k}VE(Jl,P),(p(Z‘)ZCj. Then
m < C; <M and m(P; — Pj_1) < Cj(P; — Pj_1) < M(P;, P;_1). Adding these inequalities gives:

b
m(b—a) < / » < M(b— a), furthermore: < |¢lloo (b — a)

b
m(bw)g/ o < M(b—a)

. b
e Since Va € [a,], =[]l < ¢(z) < [lpfloc We have | [ o] < [[@lloc(b—a) O

Note: If v < w, it is sometimes useful to define [ ¢ = — [ ¢ but |fab ol < ||¢lloo (b — @) requires a < b.
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2 The Integral for Regulated Functions

Definition 4:
1. A function f : [a,b] — R is regulated if Ve > 0, Jp € S[a,b] s.t. o — fllec <€

2. Equivaletly, f is regulated if 3 a sequence ()22 in Sla,b] s.t. ||on — flloc = 0 as n — oco.

-
(=]

Proposition 7: Fix a < b € R. The set of regulated functions [a,b] — R forms a vector subspace R[a, b] of
W and Sla,b] C Rla,b] C Bla,b].

Proof.

o Let f,g € Rla,b] and choose sequences (¢,)5% 4, (¥n)22; in Sla,b] s.t. |lon — flloo = 0 as n — oc.
Then (Apy, + pbn )52 is a sequence in S[a, b] by Proposition 1, and

[(Apn + pibn) — (A f + 1g)lleo = '-il[lpb] |(Apn + pabn) () — (Af — pg)(@)]

= zil[lfb] AMen — (@) + p(tpn — g) ()]

wzl[lfb]{w N(pn = H) @)+ [ul - [(on = 9)(@)[}

Al sup |(pn = f)(@)| +[ul sup |(pn —g)(2)]

z€[a,b] z€la,b

< [Mlen = fllso + [ullln = glloc — 0 as n — o0

IN

IA

Thus Af + ug € Rla,b]. Clearly S[a,b] C Rla,b].
e Given f € R[a,b] take ¢ € S[a,b] with [|¢ — f|lcc = 1, s0:

—1<p(@) - flz) <1
“llelloe =1 < p(x) =1 < fz) <p(z) +1 <[ = flloo +1

Hence f € Bla, b)]. O

Proposition 8: If f : [a,b] — R is continuous then it is regulated.
(Recall that f : [a,b] — R is continuous if it is continuous at each ¢ € [a,b]. It is continuous at ¢ if Ve > 0,
3oc(g) s.t. x € (¢ = dc(e),c+6c(e)) Na,b] = f(z) € (f(c) —e, f(c) +€).

Proof. Choose € > 0 and put A = {t € [a,b] : I, € S[a,t] with ||f|ja,q — Ytllc < €}. Now A D [a,a +
164(e)]Na,b] so A#0. Alsot € A = [a,t] C A. Let c:=sup A. Then ¢ € [a,b]. We want to show that

¢ = b. Suppose not, i.e. a < ¢ <b. Now [c — 30c(¢),c+ £6c(e)] N [a,b] C A using Pe_se for [a,c — %] and

f(c) on [c — 36c(e), ¢+ 50.(€)] N [a, b] contradicting ¢ = sup A.
A= a,b) O
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Definition 5: For a regulated function f : [a,b] — R define f; f to be:

b

lim On
n—oo a

where (¢5,)52 ; is a sequence of step functions that converge uniformly to f on [a, b] in the sense || — flco = 0

as n — oco. This requires:

Proposition 9: Let f : [a,b] — R be a regulated function and (¢,)22; be a sequence of step functions
converging uniformly to f. Then ( ff ©n)o2, converges in R. If (4,)5, is also a sequence in S[a, b] that

converges uniformly to f then lim,, o f: Y, = limy, oo f: On-
Proof.
o Ve >03N(e) s.t. V> N(e) |lon — flloo <e. If m,n > N(¢) then

[on = @mlloc = Zl[lpb]{\(wn(w) — f (@) + (f(2) = pm(2))[}

< sup {lon(x) = f(@)|+ |f(z) — em ()]}

z€[a,b]
lon = flloo + If — Pmllo < 2¢

b b b
/‘Pn*/ Pm /(@n*Wm)

So ( ff ©n)o2; is a Cauchy sequence in R and hence converges.

IN

Now:

< (b—a)llen — omlle (by Proposition 6)

® Wok_1 = g, wak = Y (k=1,2,...) gives another sequence of step functions converging uniformly to

f so (f;wn):o ~

o0
converges and its subsequences ( f; (pn) and ( ff z/Jn) converge to its limit. [J
— n=1 1

n=

Let us show that the integral of regulated functions has good properties.

Proposition 10 (additivity): Let a < u < v <w < b and let f : [a,b] — R be a regulated function. Then

’ ‘[u7w] iS a regulaled funC(iOD. MOreOVer:
u u v

Proof. Choose a sequence of step functions ¢, : [a,b] — R with [|¢, — fllcec — 0 as n — 00. [|@|ju,uw] —
Fliuwllloo < lon = flloe 50 (@nlu,w)) s a sequence of step functions converging uniformly to f|f, ., which is
therefore regulated. The same applies to [u,v] and [v, w]. Hence:

/u” [+ /vw f= n11—>120 /u” On + nh_{gO /vw “n (by Proposition 9)
= nh~>n;o (/v ©On + /w ¢n> (by Analysis I)
= nlgréo ! ©On (by Proposition 3)
= uw f
O

Proposition 11 (linearity): I : Rla,b] = R, I(f) = ff f is linear.
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Proof. For f,g € Rla,b] take sequence (¢,,)22 1, (¥,)22 in S[a, b] converging uniformly to f, g, respectively.
Then (A, + utbn)22; converges uniformly to Af + pg by Proposition 7 and

IAf +pg) = lim I(Apn + pthn)

= lim (M (epn) + pI(¢y)) (by Proposition 4)
n—oo

= A lim I(pn) + 1 lim (¢n) (by Analysis I)

= M(f) + pl(g) O

Proposition 12 (bounds): If f € R[a,b] and Vz € [a,b] m < f(x) < M then m(b—a) < fabf < M(b—a).
Also | [ 71 < [1flloe(b— a).

Proof. Let (¢n,)22, be a sequence in S[a,b] converging uniformly to f.

Get new ¢, by replacing any value of ¢, that are greater than M by M and less than m by m. This
cannot increase ||¢, — f|lo by Proposition 6 Vn € N. m(b —a) < f: on < M(b—a). Let n — oo give
m(b—a) < f:f < M(b—a). Now use m = —||f|loo and M = || f]|co- O

Definition 6: f : A € R — R is uniformly continuous if Ve > 0, 36 = d(e) > 0 st. z,y € A,
|l —y| <6 = |f(z) — f(y)| <e. “Uniformly” means consistently on the domain.

Note: Here one § works for any x,y. This is not the same as continuity where Ve € A, Ve > 0, 30 = d.(¢) > 0
sty €A ly—cf <de(A) = [fy) - fo)| <e
But uniformly continuous == continuous (take Ve, d.(¢) = d(¢)).

Example: f : (0,1) — R, f(z) = % is not uniformly continuous because for e < 1 any § satisfies

‘6 — 1il < 6§ but ‘f( (1+1 )‘ =1 £ £ so no J satisfies the required property for uniform conti-
&

nuity.
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1+

=

=

Theorem 13: Suppose [ : [a,b] — R is continuous. Then f is uniformly continuous.

Proof. Suppose, if possible, that f : [a,b] — R is continuous, but not uniformly. Then Jey s.t. V§ > 0,
Jz,y € [a,b] which depend on d s.t. |x —y| < d but |f(z) — f(y)| > eo.

For n = 1,2,3,... consider § = % Then 3x,, Yy, € [a,b] s.t. Xy — yn| < % and |f(zn) — f(yn)| = €o0. The
sequence ()52 is bounded so by the Bolzano-Weierstrass Theorem has a convergent subsequence (z,, )72
say, and x,, — u, say, as k — co. Note that u € [a,b]. Since |z, — Yn,| < nik — 0 as k — oo, we also have
Yn, — U as k — oo.

Now f is continuous so by equivalent definition of continuity f(x,,) — f(u) as k — oo and f(yn,) — f(u)
as k — oco. Which contradicts V4, | f(2n, ) — f(yn,)| = €0 >0 O

Question: where does this proof break down in the last example?

Example: (0,1) = R, z +— /x is uniformly continuous because it is g 1) where g : [0,1] = R : g(z) = /z
is uniformly continuous.

Corollary 14: Let f : [a,b] — R be continuous and € > 0. Then Jp € S[a,b] with ||¢ — f|lcc <e. Thus f
is regulated as in Proposition 8.

Proof. By Theorem 13 f is uniformly continuous. Take § = d(¢) > 0 s.t. z,y € [a,0], |zt —y| < § =
F) — f)l <e. |

Take k with @ < 0 and put P; = a + U'_Ta)], 0 <j <k PutoeP) = f(P) and Vo € (P;_1,Pj),
o(x) := f(P;), then Vz € [a,b], 3j € {0, ...,k} s.t. & € (Pj_1, P;] and then |p(x) — f(z)| = | f(P;) — f(z)| < ¢
because |Pj — x| <6 50 [lo = flloo = supyepap) l0(x) — flz)| <€ -
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3 The Indefinite Integral and the Fundamental Theorem of Cal-
culus

Definition 7: Let f : [a,b] — R be regulated. Define the indefinite integral F : [a,b] — R by:

w)=/;f

Proposition 15: The indefinite integral F : [a,b] — R of f € Rla,b], F(x) := [ f, satisfies Va,y € [a, ],
|F(y) — F(z)| < ||fllooly — x| and is uniformly continuous.

Note that F'(a) = 0.

Remark: Say F is Lipschitz with Lipschitz constant L if it increases distance by no more than a constant
factor L. Here L = || f||co-

Note: [0,1] = R : z — /z is not Lipschitz.

Proof.

[F(y) — F(2)| =

1

y
f ‘ (by Proposition 12)
< [ fllooly — 2|

If f =0 then F is constant so is uniformly continuous. Otherwise || f||oc > 0 and given £ > 0 put ¢ >

[}
21 fTlso
Then Vz,y € [a,b], |t —y| <d = |F(x) — F(y)| < § <&, so F is uniformly continuous. O

Theorem 16: Let f € R[a,b] and suppose f is continuous at ¢ € [a,b]. Then the indefinite integral
F : [a,b] — R is differentiable at ¢ and F'(c) = f(c).
Proof. Ve > 03(¢) s.t. z € (c—d,c+06)Nfa,b] = f(c)—e < f(zx) < f(¢) +e. Thus:

0<h<o = (f(

= F (c+h)—F(c)

< (f(c)+e)h (by Proposition 12)
Fle+h) = F(c)

R

<e O

Corollary 17 (first form of the FTC): Suppose f : [a,b] — R is continuous. Then:
1. There exists a differentiable function g : [a,b] — R with ¢’ = f (i.e. g is an antiderivative of f).
2. If h: [a,b] — R is differentiable with A’ = f then 3k € R s.t. V& € [a, ], f f+Ek

Proof.
1. g(z) = [ f will do by Theorem 16.

2. (h—g) =0s0 h— g is a constant funtion (by MVT, see Analysis II). O
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Note: ¢ differentiable =% ¢’ is continuous.
Example: g(0) =0, g(z) = #?sin 1, (z #0), ¢'(z) = 2xsin = — cos = (z # 0)

—¢g(0 1
g'(0) = lim 9(x) —9(0) = limzsin= =0
x

z—0 x—0 z—0

Theorem 18 (second form of the FTC): Let f : [a,b] — R be regulated and suppose there exists a differen-

tiable function g : [a,b] — R s.t. ¢’ = f. Then f; f =g(b) — g(a). This means an integral is found in terms
of an antiderivative.

Note:
1. If f is continuous this follows from Corollary 17.

2. Putting « for b in Theorem 18 gives F(z) := [ f = g(x) — g(a) and F is differentiable since we
assumed f is. For regulated f (e.g. a step function) F need not be differentiable.

P, = bwith Vj € {1,....k},Vo € (Pj_1, P;), p(z) = ¢;. The MVT for g|ip,_, p, gives x; € (Pj_1, P;) with
9(P;) — 9(Pj—1) = ¢'(x;)(Pj — Pj—1) = f(z;)(Pj — Pj-1)

o — flloo gives ¢; —e < f(z;) <¢j+¢

Add (¢j —e)(Pj — Pj—1) < g(Pj) —g(Pj—1) < (¢j+¢€)(Pj — Pj—1) for 1 < j <k to get

Proof. Fix € > 0 and choose ¢ € S[a,b] with [|¢ — f|lcc < &. Take partition a = Py < P} < ... < Py_1 <

b

/ p—c(b—a) (%)
Now
b b b
[ []-| [

<l = flloo(b—a) (by Proposition 12)
<e(b—a) (%)
So |g(b) — g(a) — f; f1 =0 as required. O

Note: If f is given by f(x) = cos 2z, say, then f: f may be written as ff f(t)dt or f: cos 25 ds.

Example: Vn € N, f,(z) = z™; gn(x) := ’;‘7":11 satisfies g, = f, on R. If @ < b in R then fy|jqz is

differentiable so is continuous so is regulated, and Theorem 18 gives f: fn = gn(b) — gn(a) and one might

n b n n
write fab fn _ fb " dr = |::C +1:| L pntt a1
a

a n+1 — n+l T a1 :g(b) _g(a’)
Corollary 19 (integration by parts): If F,G := [a,b] — R are differentiable and F’ =: f, G’ =: g are
regulated then f: Fg=F(b)G(b) — F(a)G(a) — f: fG. To prove this we need the following proposition:
Proposition 20: f,g € Rla,b] = fg € R|a,b]

Proof of Proposition 20. Ye > 0 take ¢, € S[a,b] s.t. || — flloo < €1, | — glleo < €2 for some £1, €5, and
v € Sla,b] (by question 1.8)
1f9 = ¢¥lloc < 1fg = fllos + [1f% — o¥]|oo
< [ flloollg = ¥lloo + [1f = llool[¥lloo
< |[flloog2 +e1([[¥llo0)

<5+5
42 —¢
-2 2

10
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This works if 1 = ol

”g”strT) and g9 = min{72||;”m 1} O

Proof of Corollary 19. H := FG is differentiable (by Analysis IT) with H' = fG 4+ Fg. By Proposition 7
and 20 H' € R[a,b]. Hence by Theorem 18, F(b)G(b) — F(a)G(a) = f; fG+ f; Fg. O

Corollary 21 (integration by substitution): Suppose f € C|a,b], g differentiable with ¢’ continuous and g

maps [¢, d] into [a,b]. Then
d 9(d)
fog9)d = f I
[reos=[ (h

/ (fog)d = / Fla(t)g (V)

or

Proof. Let F : [a,b] = R s.t. F(z):= [ f be differentiable by Corollary 15 (FTC 1). Let h : [c,d] — R s.t.
h:= F og. Then h is differentiable with h' = (F' o g)¢’ (by the chain rule, Analysis II). By Theorem 18,

JAF 0 g9)g = [T = h(d) — h(c) = F(g(d)) — F(g(c)), and the RHS of (1) = F(g(d)) — F(g(c)). O
Example: fO% cos® x sin x dx

f)y ==t

g(t) = cost

g'(t) = —sint
fog cos®rsinzdr = — ;ZSO% u? du = fol wdu= 3

Theorem 22: If f : [a,b] — R is regulated, then:

n . . b
anaf<a+jbna)—> f(@)dr as n — oo

j=1

Proof. We first prove it for step functions, then we extend it to general regulated functions.
Let ¢ € Sla, b, ¢ is constant except for k — 1 discontinuities. Then:

" bh—a b—a b b—a
Z¢<a+3)—/ ol < =1 "l
n n a n

j=1

11
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| | | | | | | | | | | | | |
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, [ 2 | | 77 R z — shouldn’t be included, but is
I | i I W | | | i % I I I

I | | | | | I 122200 | | T R

I l l l l i I 122000 l l l l l l i i

I | | | | T T | | | | | | | i

I | | | | T | | | | | T | | | | |

I | | | | | | | | | | | | | | | i

I | | | | | | | | | | | | | [ |

I | | | | | | | | | | | | | | | |

I | | | | | | | | | | | | | | | |

I | | | | | | | | | | | | | | | |

I 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

a b

Then:

“b—a b—a b
i b—a O0—ay
nnn E i <p(a—|—j " >—/a ©, V@ES[a,b]

We now extend it to regulated functions.
Let f be regulated, i.e. Ve > 0, 3p € S[a,b] s.t. || f — ¢llc <cand |[ f— [¢| < e(b—a).

S () 3 (g ) < 3R

. " <6zbl—a)
Then:
jf:lb “f(aﬂ)/abf < jznjlbn“fojnlb;%o n Jznjlb‘soo/so w|fe-[1
<226~ a) + (k1) gl

This is small if € is small, then n large.

12



4 (IDON'T KNOW THAT THIS CHAPTER’S CALLED)

4 (I don’t know that this chapter’s called)

How do we recognise a regulated function? For instance, are the following functions regulated?

. f(x) =|z| on [-1,1]

9. Fa) = {w if z € (0,1]

—_

0 ifz=0
3. f(z) =sin
4. f(z) = xsin

x

8=

We start by defining the following limits:
1. f(z—) := limyo f(x — ) if the limit exists.
2. f(z+) = limpo f(z + ¢t) if the limit exists.

Proposition 23: f : [a,b] — R is regulated iff Vo € (a,b), f(x—) and f(x+) exist, as well as f(a+) and
f(o=).

Proof.
—: Let f € Rla,b] and = € (a,b). We show that Ve > 0, we have:

limsup f(x +t) — liminf f(x +t) <e
t\0 ™NO

Then limsup = liminf and the limit ¢ \, 0 of f(z + t) exists.
Ve >0, Jpn st [|f —onlleo < 5

There exists interval (z,d) where ¢x is constant so that |f(y) — f(2)| < € Yy,z € (x,0). Then
limsup — liminf < e.

<=: Adapt the proof of Proposition 8 (Cla,b] C R[a,b]). That is, introduce Ve > 0:
A={tea,b]: T € Sla,b] s.t. [[fla — Yl <€}

A # () because f(a+) exists. Let ¢ = sup A. If ¢ < b, construct a step function that approximates f
beyond ¢. Then ¢ cannot be smaller than b.

O
Examples:

1. Piecewise continuous functions: f is piecewise continuous if there exists a partition a = Py < P; <
P, < ... < Py = b, such that f is continuous on each interval (P;_1, P;), and f(P;+), f(P;—) exist.

|
|
|
|
.
|
|

|
|
!
!
|
|
|
|
|
|
|
|
|
.
!

I

|
|
1

(=) B
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4 (I DON'T KNOW THAT THIS CHAPTER’S CALLED)

2. Monotone functions: note that f is:

non-decreasing if  f(x) < f(y) Ve <y
increasing if f(z)<fly) Ve<y
non-increasing if  f(x) > fly) Ver<y
decreasing if  f(x)> fly) Ve<y

3. Devil’s Staircase: see chapter 7.

We have defined f: f for f € Rla,b] where —00 < a < b < co and such that f is bounded. Here, we extend
the definition to a = —o0 or b = oo, or f unbounded.

Example:
1. f(z)=1in(0,1]
2. f(z) = ﬁ in (0,1]

1
1 . 1 . 1 .
foﬁdm:hmg\ofsﬁdm:hms\OQxéE:llm8\02—2ﬁ22
3. [ L de =limy o [} % = 1i LN = —Ly1=1
T dr =limy o [ % = limy e — 1|, =limy e —x +1=

Note:

1. If f: (a,b] — R is regulated on [t,b] Vt € (a, b], and ftb f — L ast — a+, then we say that fab [ exists,
and it is equal to L.

2. If f : [a,00) — R is regulated on [a, N] VN > a and faNf — L as N — oo, then we say that [~ f
exists and is equal to L.

Remark: [ f exists if both limits [©_ f and [ ° f exist for some ¢ € R.

Let:

b

U(f)—inf{/ wm/JGS[a,b],wzf}
b

L(f)=sup{/ <p:<p€3[a,b],<p§f}

We say that f is Riemann integrable if U(f) = L(f), in which case we define fab f=U(f)=L(f).

Note: If f € R[a,b], then f is Riemann integrable. Why? Take ¢ s.t. ||f—¢|loc < esothat p—e < f < p+e
and ’ff((p +e)— fab(gp — 5)‘ < 2e(b—a).

Examples:

14



4 (IDON'T KNOW THAT THIS CHAPTER’S CALLED)

1. Non-regulated but Riemann integrable:

Fla) = {1 ifr=1,11

0 otherwise

f is not regulated because f(0+4) does not exist. f is Riemann integrable with fab f = 0. Clear

1 ifzelo,1]
that L(f) > 0. U(f) < folcpn where ¢, = ¢1 ifx=111 . so then U(f) < L. Then

0 otherwise

2. Not Riemann integrable but Lebesque integrable: In [0, 1]:

)1 ifzeQ
f(x)_{o ifz €R\Q

(fol f =0 for Lebesque)

15



5 POINTWISE CONVERGENCE AND ITS DISADVANTAGES

5 Pointwise Convergence and its Disadvantages

Definition 8: Let A C R and for all n > 1, let f,, : A — R. We say that (f,,) converges pointwise to f if
Vx € A, Ve > 0, there exists N = N, (¢) such that n > N,(¢) = |f, — f(z)] <e.

Examples:
1. “Odd roots”, f, : [-1,1] = R, fn(x) = 31,

lim x%l*l =1Ve>0

n— o0
1 ifze(0,1]
Let f(x) =<0 ifz=0
1 ifze[-1,0)

V fixed x € [—1, 1], we have lim, o fn(z) = f(x)

2. “Odd powers”, fn(x) = 2?"! on [-1,1].

1 ifx=41

0 otherwise

Let f(z) = {

b b
/ fulz) = / f(z)dx V(fn) — f pointwise?

3. fn:0,1] 5 R

2n2x if z € [0, 5]
falz) = q2n—2n%z ifz €[5, 1]
0 otherwise

Ve € [0,1]: fu(z) =0

1 1 1
/0 fulz)dr = innz % n. Then% lim ; fn(x) 75/0 f(z)dz =0

2 n—oo

Disadvantages of pointwise convergence:

1. The pointwise limit of a sequence of continuous functions need not be continuous (first and second
examples).

2. The integral of a pointwise limit of a sequence of continuous functions need not be the limit of their
integrals (example 3).

16



6 UNIFORM CONVERGENCE: ITS ADVANTAGES FOR INTEGRALS AND CONTINUITY

6 Uniform Convergence: its Advantages for Integrals and Conti-
nuity

Definition 9: Let A C R. Say a sequence (f,,) of functions f,, : A — R converges uniformly to the function
fiA=RifVe>03IN =N(e)st. (n>N,ze€Ad) = |fu(z)— f(z)| < e. Equivalently, ||fn — flloc = 0
as n — 00, where || - || is the sup norm ||f,, — flloo = sup,ea |fn(z) — f(2)].

Note: In pointwise convergence, N, (¢) can depend on x as well as e, whereas in uniform convergence, the
same N (&) must work for every x. Uniform convergence implies pointwise convergence (using N () for N,(¢)
for each x). The three examples in the previous chapter show that pointwise convergence does not imply
uniform convergence.

Say (fn) is uniformly Cauchy if Ve > 0:

IM = M(e) s.t. (myn> M(e),x € A) = |fn(x) — f(z)| <€ (%)

In this case Vo € A, (f,(z)) is a Cauchy sequence in R so has a limit in R, call that f(z), which defines
f:A—=R. Let m — oo in () to get Vn > M(e), Vo € A, |fn(z) — f(x)] < e. So (f,) converges uniformly

to f.

Slogan: “uniform convergence makes the integral converge”.

Theorem 24: Suppose f, : [a,b] — R is a sequence of regulated functions and (f,) — f uniformly as
n — oo. Then f : [a,b] — R is regulated and (fab fn) — f;f as n — oo.

Idea: Find fy within § of f and ¢ € Sa, b] within § of fy.

Proof. Given ¢ > 0, choose N = N(5) s.t. (n > N, z € [a,b]) = |fn(x) — f(2)]
fn is regulated so choose ¢ € Sla,b] s.t. z € [a,b] = |p(z) — fn(z)] <
|p(z) — f(z)] <e. Hence f is regulated. By (x*) and Proposition 11 and 12:

/abfn—/abf‘=/ab(fn—f)

Hence (f;fn)%f:f as n — oo. O

Then z € [a,b] =

o |A

n>N = < =(b—a)

€
2

Theorem 25: Let A C R and let (f,,) be a sequence of continuous functions f, : A — R that converges
uniformly to f : A — R. Then f is continuous.

«E

Proof. (“3¢ proof” or “S proof”)

Fix ¢ € A. Fix any ¢ > 0 and use the uniform convergence to choose N = N(5) s.t. n > N(5), v € A =
|fn(z) — f(x)] < 5. Use continuity of fx at ¢ to give 0 > 0s.t. [v —c| < = |fn(x) — fn(c)] < 5. Then
Tl <6,2€A = |f(x)— Fe)] < |f(@) — Fx(@)| + |fn(@) — fu (Ol + 1n () — flO)| <5 +5+5 =2
Hence f is continuous at c. ¢ is any point in A so f is continuous. O

17



7 UNIFORM CONVERGENCE: CONSTRUCTION OF EXOTIC EXAMPLES

7 Uniform Convergence: Construction of Exotic Examples

The Devil’s Staircase/Cantor function: Let f :[0,1] = R, n =0,1,2,... be piecewise linear non-decreasing

continuous functions defined recursively by:

%fn(?ﬁ)a OSxS%
fo(@) =z, fuya(z) =4 1, $<2<2,n>0
$+3/mBr—2), 2<z<1
1 /
s S o
4 o
1] _______________’.5
2 £
1] A
1 S
0 iz 1 P A T |
9 9 3 3 9 9
So fn(0) =0, fr(1) =1 ¥n.
At each n > 1 add 2"~! flat patches of length ($)™ slopes of linear bits: ().
sup [fn41(z) = fu(x)| < sup [fu(2) = faa(2)], n>1
z€[0,1] z€[0,1]
S0 (| fm = falloo < (3)™I1f1 = foll < 3
If n> m, ”fm - fn”oo < Hfm - fm+1||oo + Hfm+1 - fm+2Hoo t..t anfl - anoo
< 1 1 1
< 1 1
—omtl \1-1
1
= om

So (fn) is uniformly Cauchy so converges uniformly to a continuous function f (the Devil’s Staircase) by
Theorem 25.

18



7 UNIFORM CONVERGENCE: CONSTRUCTION OF EXOTIC EXAMPLES

Remark: Let = (3,3) + (5.5) + (5, 5) + (57, 37) + -

f is locally constant on each subinterval of E so is differentiable Vo € E with f/(x) = 0. Total length of
E:§+§+24—7+...=§{1+§+g+...+(§)"+...}=élj% =1!

Thus f is continuous, has zero derivative on practically the whole of [0,1], yet manages to increase from 0
to 1. Clearly f(1) — f(0)=1= fol f! fails. f’ at end points of flat patches?

e.g. at x = %:

JGAW IR oSG G
3 h

RISV
I

is not differentiable at end points.

Let C =[0,1] \ E (it is a Cantor set)

C' is not empty (it contains the end points: %, %, é, %, ...) but much more: it is the set of point in [0, 1] which
can be expressed in base 3 without the digit 1.

19



8 UNIFORM CONVERGENCE AND INTEGRATION

8 Uniform Convergence and Integration
Some results for functions of two variables:
Let D = [a,b] x [¢,d] C R? and f : D — R be continuous. Recall continuity at (zg,tg) C D means Ve > 0

36 > 0s.t. (Jo—zo| <6, |t —to| <0, (x,t) € D) = |f(z,t) — f(xo,%0)| < € — continuous on D means
continuous at all points of D.

Definition 10: f : D — R is uniformly continuous if Ve > 03§ > 0s.t. (Jx—y| <9, [t—s| <4, x,y € [a, ],
t,s € [e,d]) = |f(z,t) — f(y,s)| < e. In particular |f(x,t) — f(x,s)] < e (put y = z) ie. f(-,¢) = f(-,9)
uniformly as ¢t — s. Hence by Theorem 24, f; flx,t)de — f: f(z,s)dz ast — s (ielim [ = [lim).
Recall: f,, — f uniformly, ([ f,) = [ f asn — oo

Lemma 26: f: D — R continuous implies f is uniformly continuous (see Theorem 13).

Proof. Repeat proof of Theorem 13 in 1 dimension (exercise). O
Note: Given ((xy,t)) € [a,b] X [¢,d]:

1. 3 subsequence ((xy, ,tn,)) S.t. Tn, — * as k — 00

2. 3 subsequence ((mnkj,tnkj)) s.b. tp,, =" as j — o0

Proposition 27 (differentiation under the integral): Let f, ?)t be continuous for (z,t) € [a,b] X (¢, d) where

¢, d may be finite or co. Then the functions F, G defined by F(¢ f f(z,t)dx, G(t) = fab g’; (z,t) dx exist
on (¢,d) and F is differentiable with F' = G.

Proof. The integrals exist for ¢ € (¢, d) since f and bc continuous w.r.t. . Given t € (¢,d) choose

bounded and closed [¢1,d1] C (¢,d) with ¢; <t < dy. Now f and 0{ are continuous on D; := [a, b] X [c1, di]
hence uniformly continuous there. Hence given ¢ > 0 36 > 0 s.t. ([z —y| < d, |t —s] < 9, z,y € [a,b],

t,s € a1, dh]) = ‘%(m,t) 8f(y7 )‘ < &. Then for h # 0 and ¢t + h € [c1, d1] we have:

/ab Bf(x,z) - %(w t)] dz

(x, z) where z is between t and ¢ + h.

(z ,t)] dz| =

h

F(t+h) — F(t)
| I

/b {f(x,t—&-h)—f(%t) of

af
ot
< |b—ale. ... F is differentiable and:

d [ o
a/a f(a?,t)dsc:/a a—{(m,t)da:

Using MVT: f(x,t+ h) — f(z, ) h
Hence if |h| < 4, ‘M ‘

Theorem 28 (Fubini/swap order of integration): Let h be continuous on D = [a,b] X [¢,d]. Then:

/ab (/jh(w,y)dy) dm:/cd </abh(a:,y)dx> dy
H(t)/at </cdh(z,y)dy> dx/cd (/ath(x,y)d:c) dy

20

Proof. Set:



8 UNIFORM CONVERGENCE AND INTEGRATION

d d t
h(t,y)dy — / 8at (/ h(z,y) dz) dy (by the FTC and Proposition 27, respectively)

(Vt € [a, b])

H(t) =0Vt € [a,b], in particular for ¢ = b as required. O
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9 UNIFORM CONVERGENCE: ITS ADVANTAGES FOR DIFFERENTIABILITY

9 Uniform Convergence: its Advantages for Differentiability

Example: f,, f:R = R, fu(z) = tsin(nz), f =0. Then || fn — flloo = = (since [|sin |l = 1) so fn — f

uniformly as n — oo. Each f,, is differentiable and f],(z) = cosnz so f,(0) " 1 asn — oo but £l (x) does not

converge if z # 2mm e.g. (f) (7)) = ((—1)"). Although: f is differentiable (f’ = 0), we do not have f — f:

Example: f,,f:R—=>R, f,(z) = /22 + % f(z) = |z|, fn is differentiable with:

-1 ifx<0
fl(x)= —— =40 ifz=0,YzcR

1
VRt +1 ifz>0

|[fr(z) = f(2)] < |fn(0)— f(O)] = ﬁ — 0 as n — oo so f, converges uniformly to f but is not differentiable.

Theorem 29: Let (f,,) be a sequence of C* functions [a,b] — R that converge pointwise to some function
f : [a,b] — R. Suppose that (f) converges uniformly to a function g. Then f is C* and f’ = g.

Proof. Fix x € [a,b]. Since (f}) converges uniformly to g, g is continuous by Theorem 25 and Theorem 24

implies:
xT xr
(/ f,’L) —>/ gasn — oo
a a

Now [ fl. = fn(2)—fn(a) by FTC 2 (Theorem 18) and f,,(x)— f,(a) — f(x)— f(a) by pointwise convergence.
Thus Vz € [a,b], f(z) — f(a) = [ g. Then FTC 1 (Corollary 15, swap f and g) == f is differentiable on
[a, b] with derivative g. Since g is continuous, f is C. O

In the example above, Theorem 29 = (f/) cannot converge uniformly (check this directly!).

n
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Theorem 30 (the Weierstrass M-test for uniform convergence): Let f; : A — R be functions. Suppose there
are constants M}, > 0 such that Vz € A |f(x)| < My and Y ;- ; M}, converges. Then (Y ,_, fi) converges
uniformly (to some function f: A — R).

Proof. t, = Y ,_; My converges as n — oo so (t,) is a Cauchy sequence in R and Ve > 0 3N(e) such
that m > n > N(e) = |tm — tn] < &. We show (s,) is uniformly Cauchy, hence converges uniformly.

For m > n it N, [sm(z) = n(@)] = | S gy el@) < Xy @) € Xy M = [t — tal < € if
m >n > N(e). O

Corollary 30: If the series Y, || fk]lco < 00 then (3°,_; fx) converges uniformly as n — oco.
Proof. Take My, = || fx|lco for each k in Theorem 30. O

Theorem 31: If the series Y.~ |ax| and Y.~ |b| converge then the Fourier series % + %7, (aj, cos kx +
by sin kx) converges uniformly. The limit function, f : R — R is continuous and Vz € R, f(x 4 27) = f(x).
Also,

f(z) cos kx dx = may, (Vk > 0) and f(z)sinkx de = 7by, (VE > 1)

Proof. Yz € R, |ay cos kx + by sin kx| < |ag| + |bx| =: My,
By Theorem 30, s,,(2) := % + >, _; (ax cos kx + by, sin kx) converges uniformly, to some function f : R — R,
which by Theorem 25 is continuous. Since Va € R, s,,(x 4 27) = s,,(z) we have f(z + 27) = f(z)

Recall:

/COSkadIZTZ/ sin? kx dx Vk > 1

—T —T

/coskxcoslmdm:O:/ sinkxsinlz dx if k #1

/ coskxsinlxdr =0 Vk,I

—Tr

Hence if n > k then ["_s,(z)coskzdr = apm (Vk > 0) (ff7r L dr = aow) and [" s, (x)sinks = byr

Wk > 1).
So Theorem 24°, [*_ f(z)coska dz = apm (Vk > 0), [ f(z)sinkzdz = bem (Vk > 1) O

Examples:

1. f:R — R defined by f(z) = |z| for |z| < 7 and Vz € R, f(z) = f(z + 2m).
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1 (7 2 (7
aozf/ |x|dx:f/ xdx
™ J_x ™ Jo

=T

k k2 mk?2

1 (7 2 [T 2 inkz]™ 2 (T sink 2 -2
ak:f/ |$|COSk$dl‘=7/ zcoskrdr = = [msm x} —7/ st xdx:—[coskx]g:—
T T 0 Vi 0 0

k

o T
4
k2
1 /™ .
by, = f/ || sin ka da
™

—Tr

SO:

converges uniformly to |z| on [—m,7].

2. f(x) =2, —7m < x < mand f(z) = f(x + 2n).

1 s
ak:f/ rcoskxdr
™

—T

=0
1 [7 .
b = f/ r sin kx dx
T

2

— - 21

Now:
oo oo 1
bp| =2 -
Sl =23k
k=1 k=1
diverges so the Fourier series does not converge uniformly but converges pointwise.

Theorem 32 (the Riemann zeta function): the series Y ;| 7= converges pointwise for z > 1 and ( :
(1,00) = R, {(z) := > 7, & is continuous.

Proof. Fix a > 1. ¥n € N,

1 "1 T 1
Z— —dt — as n — 0o
k:k 1—aj, a—1

If My, = & then Y77 | My converges and Vz € [a,00), & < My so by Weierstrass M-test (Theorem 30),
> rei & converges uniformly on [a,00). By Theorem 25’ its limit ¢ is continuous on [a,00). This holds
Va > 1. So ¢ : (1,00) is continuous. O

Note:

1. On (1,00) it is not true that Y -, k% converges uniformly because as x — 1

2n 2n 1 n 1
s2n () — sn(z)] = Z Z E o
k:n-‘rl k=n+
so it is false that Va € (1, 00). iZn 41 7= < i, say. So not uniformly Cauchy, therefore not uniformly

convergent.

24
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9 UNIFORM CONVERGENCE: ITS ADVANTAGES FOR DIFFERENTIABILITY

1 = 1
—— = _Ingch and I;logk;k—a < oo for a > 1.

So Theorem 24’ gives ¢ is C! on [a, 00) hence on (0,1). In fact ¢ is C*°.

Theorem 33 (a nowhere differentiable curve): There exists a continuous function f : R — R with the
property that Vo € R, f is not differentiable at x.

Proof. Define g : R — R by |z| for x € [-1,1] and Vz € R, g(z + 2) = g(x)
Note that

lg(x)] <1 Vz € R
lg(z) — g(y)| < |z —y| Y,y

So g is (uniformly) continuous (put § = ¢)

Vk € Zy let fr : R = R, fi(z) = (3)Fg(4*z) and define f: R — R by f(z) = > 77, fu(®)

vz € R, |fi(z)| < (3)* =: M, and M, converges to é =4.

Thus by Weierstrass M-test (Theorem 30) the series converges uniformly so f is continuous.

Fix x € R and m € N. Put A, = :I:%él’m where the sign is chosen so that there are no integers in the open
interval of length 3 from 4™ to 4™ (z + hyy,). Let:

_ Bt he) = file) 3\ [g(@b(z £ 547m)) — g(4Fa)

If £ > m then %k_m is an integer so v, = 0 by periodicity. For 0 < k < m gives |y < 3¥. Now |y,,| = 3™
so we have:

f@+ha) = fl@)] | u L, om g
h = E TE| = E Y| =3 +§ Ve| =3 —E 325(3 +1) asm — o0, by, = 0
m k=0 k=0 k=0 k=0

O
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10 SERIES OF FUNCTIONS

10 Series of Functions

Many useful functions can only be defined by approximations by elementary functions. A power series is
a limit of polynomials (needed for exp, sin, cos,...). A Fourier series is a limit of differentiable functions of
period 2:

1 n
540 + ;(ak cos kx + by, sin kx)

Let fr, : A — R (k =1,2,...) be functions. Form the partial sums s, : A = R, s,(z) = >_;_, fu(x). Say
the series >, fi converges uniformly (or pointwise) to a function f: A — R if (s,) converges uniformly (or
pointwise) to f. We get immediately:

Theorem 24’: If A = [a,b], Vk € N f is regulated and (s,,) — f uniformly then f is regulated and:

<kz::1/abfk>—>/:fasn—>oo

Proof. Use Proposition 11 (linearity of I) and Theorem 24. O
Theorem 25’: If Vk € N f; : A — R is continuous and (s,) — f uniformly then f: A — R is continuous.
Proof. Use >"/'_, continuous functions and Theorem 25 O

Theorem 29°: If A = [a,b] Vk € N, f} is C!, (s,) — f pointwise and (s/,) converges uniformly to some
g:[a,b] — R then f is C! and f' = g.

Proof. Use (" i)' = 3.7 f4 and Theorem 29. O
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11 NORMED VECTOR SPACES

11 Normed Vector Spaces
Definition 11: Let V be a real vector space. A norm onV is a function V' — R, written v — ||v]|, satisfying:
(i) YoeV, |lv|| > 0; |jv]| =0 v=_0y
(i) VA e R, Yo e V, ||\ = |A]||vl
(i) Yv,v" € V, |lv+ || < ||v]| + ||v'|| (triangle inequality)
A normed vector space is a pair (V)] -||), where || - || is a norm on the vector space V.
Examples:
1. |- | is a norm on R.

2. The sup norm on Bla, b], || flloc := sup,c(e ) | f(2)] is @ norm.

Proof. ||fllec =0 = Vz € [a,b], |f(z)|]=0 = f=0
I+ glloc = sup,(|f(2) + g(2)]) < sup,(|f(x)] + [g(z)]) < sup, [f(z)] + sup, [g(z)| = || flloc + 9]l O

Proposition 34 (norms on R"): On R™ = {(z1,22,...,2,) 1 x; € R,1 <k <n}:

n

|2 — , .
Z; |z;]? and ||x]|co : 1glj'a§xn|$3| are norms.
j:

n
Il =Dl lxllz =
j=1

Remarks:

1
1. These are cases p = 1,2,lim,_, of ||x][, := (Z?Zl |mj\p> !

1 1 1
(The proof of (iii) needs Minkowski inequality: (Z;’Zl |z + yj|p) P < (2?21 |ggj|p) "4 (Z?:l ly; |p) )

2. If you think of (21, za, ..., x,) as the image of x : (1,2,...,n) = R then ||x||s corresponds to ||f]|c on
Bla, b].

Proof of Proposition 34. (i), (ii) are easily checked for each norm (exercise). Taking Y "'_, or max;<;<, of
lz; + y;| < |zj| + |y;| gives (iii) for || - ||, and || - ||oo. To show (ii) for || - ||2, use Cauchy-Schwartz inequality

in R™: Z?:l ajb; < (Z?:l a?)% (Z?:l b?)%

Proof of Cauchy-Schwartz inequality. (ay + Ab1)? + (as + Ab2)? + ... + (an + Ab,)? > 0. So at most one
real root in A\. Thus discriminant < 0, i.e.

Xn:ajbj <> 4 Zn:b?
j=1 j=1
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n

I+ yll3 =Y (2 +y,)°

Jj=1

n n
> wi(wi+y) + > ysla + ;)
=1 =1

n 2 n 2 n 2 n %
< (o) (Seenr) (o) (S

j=1 j=1 j=1 j=1
< xll2llx +yll2 + Iy ll2lx + yll2; hence [|x + ylla < [Ix[l2 + [y ]2

O

Definition 12: The norms || - ||, and || - || on a vector space V are called equivalent if 3K > 0, Ko > 0 s.t.
YveV:
Killvlla < [lvlls < Kal[vla

This is clearly an equivalence relation on the set of norms on V'.

Lemma 35: Vn € N the norms || - ||1, || - [|2 and || - ||ec on R™ are equivlent.
Proof. Exercise. O
Definition 13: In a normed vector space (V.|| - ||) we say that a sequence (y,)%2; converges to y € V if

lyn —yll = 0 as n — oo, that is if Ve > 03IN = N(e) e Nst. n > N = |y, —yll <e. In (V,] )
the sequence (y,)% is said to be Cauchy if Ve > 0 IM = M(e) s.t. m>n > M = |ym — ynll <e. If

n=1
every Cauchy sequence in (V)] - ||) converges (to some point in V') then say (V.|| - ||) is a Banach space. If
A CV and every Cauchy sequence of elements of A converges in (V, || - ||) to an element of A, say that A is

complete. So a Banach space is a complete normed vector space.

Note:
L If (yn) — y in (V,[| - ||) as n — oo then (y,) is a Cauchy sequence (use N(5) for M(e)).

2. If (yn) — y and (y,) — z then ||y — z|| < ||y — yull + |yn — 2|l = 0. So ||y — 2| =0 and so y — 2z = Oy
Thus y = z (uniqueness of limit).

3. || loo is & norm on vector space S[a,b] of step functions but this is not a Banach space because a
regulated function f € Rla,b] \ S|a,b] has a sequence (p,) — f, [lon — flleo — 0 with f & Sla, b].

4. (Rla,b], || - llo) is & Banach space by Theorem 24.

5. (R,|-|) is a 1-dimensional Banach space. In this [0, 1] is complete but (0, 1) is not complete (X — 0 ¢

(0,1)).

6. If | - || and || - ||» are equivalent norms of V' then (y,) = y in (V,| - |la) © yn — y in (V,| - |ls). Thus
(V| - lla) is Banach < (V, || - ||») is Banach.

Theorem 36: Any norm || - || on R™ is equivalent to || - ||co-

Proof. Let x = (x1,22, ..., Tpn) = Z?Zl xje; where {e; : 1 < j <n} is a basis for R”

n n n
Il = (1> wjei|| < D laslllesl < D llejllixlo (%)
j=1 j=1 j=1
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Let J = mf{ Ly e R\ {0}} = inf {||x|| : |[x]lo = 1}

[E3[

(since (ii): [[Ax]] = |A]|x]| VA € R so Vx # 0 Akl — H)‘ixllo) It remains to show that J > 0 so that

EI™ ]
J||x]loo < [|x]| ¥x # 0. Suppose not, i.e. suppose J = 0. Take (x*)?°, < R" with ||x*||, =1 and [x™] < 1.
The cube in R™ has 2n faces and there exists a subsequence of (xk) s.t. all elements have x =1 (or —1)

for some j € {1,...,n}. Take a subsequence of this subsequence with z¥ — y; (by Bolzano-Welerstrass
Theorem) then a subsequence of this with 25 — s, ..., then a subsequence of this with 2% — y,,. So the final

subsequence tends toy = (y1,92, ..., Yn). Now |y;| =1 or —1 and |ly|| > 0. Then 0 < |ly|| = |ly —x* +x*|| <
oy =+ x5 < (25— e ) IxE = ylloo + & (by ()= 3+ (X7 lles ) (maxicjcn |2 = y51) = 0 along

the final subsequence. O
Proposition 37: (R™,| - ||s) is a Banach space (and hence so is any (R™, | - ||)).

Proof. If (x ),C 1 in R™ is Cauchy then for each 1 < ] <mn, \:z: - a:l\ < maxi<j<n \x é\ =: [|z% — 2!|| oo
so (x j)k:1 is Cauchy in (R, | -|) and xj — a;. Then ¥ — (a1, a2, ...,a,) in (R™, || [|oo)- O

Proposition 38: Let —o0o < a < b < c0.
1. The following are norms on Cla,b] := {f : [a,b] = R : f is continuous}:
(@) [[flloc 7= maxa<a<s |f(2)]
() £ = f; 1) da

(©) I£ll2 == /7 1f (@) d

2. (Cla,b], || - l|s) is a Banach space. (C[a,b], | - |l1), (Cla,b], || - ||2) are not Banach spaces.
3. 0nCl0, 1], Ifllx < [1fll2 < [[fllos (1)
4. |- lloc and || - ||z are not equivalent norms on Cla, b].

Remark: Compare (f) with ||x]|e < [|x]]2 < ||x]]1 in R™.
Proof.

1. (a) Done before.

(b) (1) |Ifllh = O easy; f =0 = | fll1 = 0 easy. To show ||f|l1 =0 = f = 0: suppose
Ifllk = 0 and f # 0. Then 3ty € [a,b] where f(t9) # 0. Now f is continuous at tg so
3 a neighbourhood [t1,t2] C [a,b] of to s.t. |f(t)] > L|f(to)| Vt € [ti,t2]. Then | f|l; =
Jo lF@Lde > [2 £ dt > (82 = )31 (to)] > 0.
(i) [[Aflle = [Alllf]l1 easy to prove.
(i) £ +gll = [} [£(2) + g(@)| do < [7(F(2)] + g(x)]) dz = || f]}1 + llglh
(¢) (i) The same as the one for (b).
)
)

(ii) IAfll2 = [AlllIf 2 easy to prove.
1

() I +al = [2G+a? = [0 1P atrra < (10 2) (10 +02) +(1002) (S0 +92)
by the Cauchy-Schwarz inequality. Using exercise 3B: ||f + gll2 < || f]l2 + [lgll2

1
2

2. Every Cauchy sequence converges in (Cla, b], | - ||oc) because the uniform limit of continuous functions
is continuous (by Theorem 25) and in normed vector spaces a convergent sequence is Cauchy (see the
first note on the previous page). .. (Cla, b], || - ||c) complete hence Banach.

(Cla,b], || ||l1) is not complete, e.g. WLOG [a, b] = [0, 1]. (fx) is Cauchy in (C[0,1],]-|]1) because VI > k,
fol |fr = fil = 3(+ — }) < e VI,k > 5 but (fx) does not converge to a function in C[0,1] because if f
s.t. fi — f is continuous then V¢ < 1, f(t) =0 (else if f(to) # 0 for some ¢y € [0, 3) then there exists
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a neighbourhood [t1,%2] C [0, 1) of ¢ where |f(t)| > 1| f(to)| so fo |fo — fldt > (ta — t1)3|f(to)| > O
Yk > %to’ so does not tend to zero as k — 00). Same argument shows that f(t) =1, V¢ > 1. There-
2

fore f is discontinuous at 3. Therefore (C[0,1],| - [|1) is not complete hence not Banach. Exercise:
(Cla,b], || - |l2) is not complete hence not Banach.

Note: the sequence (fi) above is not Cauchy in (C[0,1], ||-|loc)- ||f&—f1]| = max,cjo,1) | fr(z)— f1(z)] =
1-%240
l

8 0f I = A = L1 oy €8) (S0 72)7 (U1) T < Iflevb—arso £l < VB —allfa]l. Now
J2 < 1P lo® = a) so 112 < [1flloovB—a

1—nz €[0,4]
4. Consider f, : [0,1] = R: f,(z) = ’ '
fu0,1] () 0, ve (L]
Take b=1,a = 0. Then [|f,]lcc =1 Vn and |[ful1 = 5. So Ak s.t. k[ fulloo < | fulli VR EN. - |- |1
and || - ||s are not equivalent in Cla, b].

O

Definition 14: If (V)| - ||v), (W, | - |lw) are normed vector spaces then a map f : V — W is said to be
(- vy Il - llw)-continuous or just continuous at x € V if Ve > 0 30 = d,(¢) > 0s.t. [z —yllv <6 =
If(x) — f(y)|lw < e. If f is continuous at each x € V we say f is continuous.

Theorem 39: Let (V.| - ||v) and (W, || - ||w) be normed vector spaces and T': V' — W be linear. Then the
following are equivalent:

1. T is continuous at Oy .

2. T is continuous.

3. {ITW)|lw : |v|]lv < 1} is bounded on R (in which case we say T is bounded).
Proof.

1 = 2: Assume T is continuous at Oy and fix any v € V. Ve > 0 3§ = dy,(¢) > 0 st. |Jv —Oy|ly =
oy <6 = [T() - TOv)|lw = IT() - Owllw = [T(@)|w < e If|ly—ovly < then
IT(y) —T(v)|[lw = |T(y — v)|lw < e. Thus T is continuous.

2 = 1: Obvious.

1 = 3: T is continuous at Oy so 35(1) s.t. |[v]lv <d = |T(W)|w < 1. Then |jully <1 = |idullv <
16 <8 = |T(3ou)llw <1 = [T(w)llw < 2. Then sup{||T(v)|lw : [[ully <1} < %50 T is
bounded.

3= 1: Put K := sup{||T(u)||w : [|ully < 1}. ThenVe >0, |v|lv < 5% = H%UHV <1l = %HT(’U)”W
ITCEv)||lw < K = [[T(v)|lw < § <e. So putting do, () = 5% we have T continuous at Oy .

O
Proposition 40:
1 If | - |lv, |l - |}, are equivalent norms on V and || - |lw, || - || are equivalent norms on W then a linear
map T :V = Wis (|| - [|v, || - lw)-continuous = T is (|| - ||/, || - ||y )-continuous.
2. Any linear map T : R™ — W is (|| - |1, || - ||w)-continuous.
3. For any norm || - || on R™ any linear map 7' : R™ — W is (|| - ||, || - |lw)-continuous.
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4. T:C[0,1] = R, T(f) = f(0) is linear and (|| - ||oo, | - |)-continuous but not (|| - |1, - |)-continuous.
Proof.

L If¥o € V,Yw € W, [lolly < Kolly and lwlly < Lllwlw then o], < £8(5) = [lollv < Kolly, <
5(5) = IT)lliy < LIT()lw < L-5 =¢

2. 0l =zl <1 = [IT(@)|w = 1T (z1e1+..+anen) |w < 37 25|17 (e)) [w < max; [T (e;)[lw
so T' is bounded hence continuous.

3. Follows from 1. and 2. by equivalence of norms on R™ (Theorem 36 + Lemma 35).

4. ¢ T(Af +pug) = Af(0) + pg(0) = AT(f) + uT(9)
o sup{|f(x)|} = |fllco <1 = |f(0)] <1 sosup{|f(0)]:]fllcc <1} <1 and T is bounded hence

continuous.
—n?z, 0<z<i
e However consider f,(z) := g " x;i_ " then ||fnl1 = f01|fn\ =1 <1but N =
{|/n(0)] : n e N} C {f(0): f €C[0,1],]|f]]1 < 1} is not bounded, hence T is not continuous.

O

Theorem 41: L(V,W) := {T : V. — W : T linear and (|| - ||v, || - |[w)-continuous} is a vector space and
|7 := sup{||T(v)||lw : |lv||v <1} is a norm on it. It is called the operator norm.

Proof. \,u € R, S,T € L(V,W) = AT + S is linear (Linear Algebra).

IAS + pT| : = sup{[|(AS + pT) () [[w : [|v]ly <1}
= sup{[[(AS(v) + T (v))[lw : [Jvllv <1}
< sup{AIS@)l[w + [ul[T@)l[w = [lv]lv <1}
<AL sup [[S()|lw + [ul sup [T (v)]lw

llvllv <1 llvllv <1

= S+ [l T < oo (%)

(iii): So AS + pT is bounded and so continuous (by Theorem 39). Hence AS + pT" € L(V,W). Putting
A== 1in (x) gives 1S +T| < |1S] + T
(i): Also [[AS]| = supy,), <1 [AS(0)lw = [Alsupy,), <1 [S(0)]lw = [A[[[S]]

(i): Always ||T|| > 0 and ||T|| =0 < sup{||T)||lw : ||[v]| <1} =0< (|Jv]|lv <1 = T(v) =0w) & Vv €
VA{Ovh T(0) = Jolly - T(2—) = Jolly - O since [l = 1= Oy v = 0y = T(v) = Oy
T =0rwv,w)

lvllv

O

Remark: The set of m x n matrices over K, L(R™ R™) 2 vector space of all these are bounded by Propo-
sition 40 part 3.

Definition 15:

1. For z in a normed vector space (V, || - ||) define the open ball of centre z and radius § > 0 as B(z,d) =
Bz, 0, - ) :={y e V:lly—=z| <}

2. U C V is called an open subset if Vo € U 3§ = 6, > 0 s.t. B(z,d,,]-||) U
Example:
e In (Ra| ’ Dv B(x,é) = ((E—(;,:L’—i—(s)

e In R2, see picture.
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e In (C[071]7||'Hoo)7 B(fa(S?”'Hoo):{g:[Ovl] —>Rcts:f—6<g<f+g}

|

- ll2

Ke

aLE

Lemma 42: B(z,0) is an open subset of (V.|| - ||) and B(z,d) =« + §B(0,1)

Proof. Let y € B(z,6). Then |ly —zly <0 = ¢ — |y —z[v > 0. Then ||z —yllv <é—|ly —zlly =
Iz —allv <z —yllv +lly — zllv <dso B(y,é — ||y — [y € B(z,5)
lvllv <1< ||ov||ly <d < |[(xz+dv) —z||y <d< x4+ 6V € B(z,)) O

Lemma 43: If || - ||, and || - ||» are equivalent norms on V then U open in (V, ||-||5) < U is open in (V, | - ||4)-

Proof. (= ): Take K € Ry s.t. ||v]lp < K|[v||, Yo € V. Then [[v], < & = |jv|ly < dso B(z, &, |-|l.) =
{yeVily—zalla< 2} C{yeV:|ly—=z|p <6} IfUisopenin (V| |s) then Vz € U 3§ > 0 s.t.
B(z,6,] - |ls) C U and then B(z, £, - ) C U so U is open in (V|| - |a).

( = ): identical proof. O

Example: B(0,1,] - |2) is open in (R?,[| - [|l2) but also in (R, |- [[so), [v]l2 < v2[[v]lc
Remark: The definition of continuity for f : (V,|-||v) = (W, |- [lw) can be defined in terms of open balls.

Definition 14 (equivalently): f is continuous at x € V if Ve > 0 39,(¢) > 0 s.t. f(B(z, 04, - |lv)) C
B(f(x),e |- w)

Proposition 44: A function f:V — W is (|| - |lv, || - ||w)-continuous < VYU open in (W, || - [|w), f~1(U) is
open in (V. |- [lv).

Proof. ( = ): Let U be open in (W,| - [lw) and € f~'(U). Then f(z) € U and Jes,) > 0 s.t.
B(f(%),€¢), - lw) C U. Since f is continuous at = 35, > 0s.t. f(B(z,0.,|-|lv)) C B(f(x), 5@ |- [lw)-
Hence f(B(z,d.,| - |lv) C U so B(z,d.,| - |lv) C f~Y(U). Therefore f~1(U) is open in (V,|| - ||v)-

(= ): Givenz € V and ¢ > 0, B(f(z),e,] - |lw) is open in (W, || - ||w) (by Lemma 42) so by assumption
S BU@) e, |- Iw)) s open in (V|- [v). Also'z € f~ (B )., |- [w) since f(z) € B(@)e |- Ilw)
s0 30, > 0 s.t. B(x, 0, |- w) € f7HB(f ()&, [ - w))-

Thus f(B(x, 6, - lv)) € B(f(x),& | - [lw). So fis (|| - [lv, [| - [lw)-continuous. 0

Definition 16: U C V is called a closed subset if V' \ U is open.

Example: in (R, |- |), [a,b] is closed because R\ [a,b] = (00, a) U (b,00). [a,b) is neither open (¥é > 0 3 no
B(a,0) € [a, b)) nor closed ([b, c0) is not open).

Proposition 45: Let (V,] - ||) be a normed vector space and U C V. Then the following are equivalent:

1. U is closed.
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2. Ifx, eUVneNandz, - xasn — oo then xz € U.
Proof.

1= 2: Let &, > zasn — oo and x,, € U Vn. Suppose z ¢ U. Then x € V\U. Since V\U is open Je > 0 s.t.
B(z,e) CcV\U. Now ||z, — z|]| = 0 as n — oo so Im € N s.t. ||, — z|| < € and hence z,, € B(z,¢)
S0 Ty € V' \ U — contradiction.

2 = 1: suppose U is not closed. Then V \ U is not open so 3z € V' \ U s.t. no B(x,¢) is contained in V' \ U.

Choosing ¢ = %, n = 1,2,... get a sequence of points (z,) in V s.t. Vn, z, € B(x, %) and z, € U.

Thus ||z, — z|| = 0 as n — oo and by assumption x € U — contradiction.
O

Theset {y € V : |ly — x|y <&} =: B(x,6,] - ||v) is called a closed ball (of centre z, radius §). It is a closed
set.

Proof. 1f y,, € B(z,8) Vn and y,, — y as n — oo, then lim,, o |lyn — 2| <5 & |y — 2| <6 O

In conclusion, U is open in V when U “has no boundary points”, i.e. from any point in U can go some
positive distance in V' without going outside of U. U is closed iff it contains its limit points.
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12 Contraction Mapping and Solution to an ODE

Theorem 46 (Contraction Mapping Theorem/Banach fixed point Theorem/Method of Successive Itera-
tions): Let (V,||-]]) be a Banach space, U C V a non-empty closed subset. 0 < K <1, f : U — U a function
satisfying:

ryelU = |f(z) - fy)ll < Klz -yl
(Such an f is called a contraction mapping) Then f has a unique fized point z € U, i.e. a point z s.t.
f(z) = z. Moreover, Yz € U, (z,) — z as n — 0o, where we define inductively z,+1 = f(z,) with zy = .

Example: (V, |- ) = (R, |-), U = 3,2}, 12+ V&
f maps U into itself: [%,\/5] C[3,2. vz ==in[},2] & 2 = 1 is a unique fixed point. L1 is a
contraction with K = % 1 by MVT.

V= Vil = |3Vl —3l < 5l -l v <€ <y (WLOG)

24

Proof of Theorem 46.
Existence: pick xg € U and let x,, = f™(x), where f"(z) := fo fo...o f(z) (the nth composition of f). For
n>1:

[z — Tt | = || f(@n-1) — fzn)]l
< K|zp-1— an

S K2H$n_2 - 51771,—1”

< K"|lzo — 24| (by induction)
If m > n the triangle inequality gives:
[#n = &m | < [l2n = Znga | + [Tn1 — Tngall + -+ |Tm—1 — T
< (K" + K™t K g — |
Kn
<
~1-K

“|lzo —z1|| = 0 as n — oo
Therefore (x,,) is Cauchy so converges to some point Z € U since U is closed (by Proposition 45).

To show Z is a fixed point:
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L If || f(z) —z|| > 0let e = £[|f(Z) — Z||. 3N € Nst. |lz, — Z|| < e Vn > N, then ||f(z,) — f(Z)] <
K|z, —z|| < Ke <e.
So ||z = f(@)]| < 12 = zpsall + lznss = F@) < e+e= 3] f(2) - 2|
sz = f@) =0, f(7) =

2. Alternatively: f is a contraction = f is continuous (proof: || f(z)—f(y)|| < K[|z —y]| : take 0 = 5%).
Then f(Z) = limy, 00 f(Tn) = liMp 00 Tni1 = T

Uniqueness: If f(z) = z and f(y) =y then ||z —y| = [|f(2) = fW)|| < K|z —y|| (K <1). . |]z—y| =0,
.z =1y so f has at most one fixed point in U. O

Lemma 47: If F : R? — R is continuous, zg, 3o € R and § > 0 then the following are equivalent:

dy _ p
1. y:[zo — d, 0 + 8] = R is differentiable and satisfies { dz ) (), Va € [xg — 0,20 + 6]
Y{Zo) = Yo

2. y:[xo— 0,20 + 6] — R is continuous and satisfies y(x) = yo + f;o F(s,y(s))dsVz € [zg — d,x0 + ]
Proof.

1 = 2: y differentiable = y continuous and since F is continuous, FTC 2 (Theorem 18) = y(z) — y(zo) =
[ F(s,y(s)) ds. Since y(zo) = yo, y(x) = yo + [, F(s,y(s))ds Vx € [zg — §, 20 + 9]

Zo
2 — 1: immediate consequence of FTC.

O

Picard iteration method: let 4@ (z) = yo, y™ TV (x) = yo + f;o F(s,y™(s))ds, n =0,1,2,... (¥ = nth
approximation to solution)

Example:
dy _ y x
dx ’ y(l)(x) =9+ / Yo ds = yo(l + 1')
y(O) = Yo 0

* 2
y(z)(x):y0+/ y0(1+s)d5:y0 <1+$+3;>
0

x x n—1 n
y(")(x) :yOJr/ y(”fl)(s)ds:yoJr/ Y0 1+5+...+57 ds = yo 1+x+...+x—
(by induction)
— ype” as n — oo
Theorem 48: Let F': R := [xo — a,zo + a] X [yo — b, yo + b] = R be continuous and assume 3L > 0 s.t.
|F(x,y) — F(z,2)] < Lly — 2| (%)
V(x,9y), (x,2) € R. Then 3§ € (0,a] and a unique C* function h : [zg — 0,29 + 6] — R with h(zg) = yo and
satisfying 9 = F(x, h(z)) Vo € [zg — 6, 0 + 4].
Note: (x) is a Lipschitz condition on the second coordinate. If %(m,y) exists and is continuous then ()

follows from the MVT: F(x,y) — F(x,z) = %(m,{)(y — z) so take L = max(, ,)er ‘%(x,y)‘.

oL <1
oM <b
Let V = (Clzo — 6,20 + 8], || * [loc), let U = {f € Clwo — 6,20 + ] : f(z0) = yo and ||f — yolloe < b}.

Proof. Let M := max, ,yer |F(z,y)|. Take § > 0 s.t.
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Then U is a non-empty closed subset of Banach space V so U is complete. Define the Picard operator
P:U—->V:fw Pf. (Pf)(z):=uyo +f§0 F(s, f(s))ds. From Lemma 47, h : [xg — 6,20 + 0] — R is a

!/
solution of IVP {y( —)f(x, v) & (Ph)(x) = h(x) Va € [xg — d,20 + ] (i.e. his a fixed point of the Picard
Y(Zo) = Yo

operator)

To show P maps U into itself: (Pf)(z) = yo + f;o F(s, f(s))ds so y(xg) = yo and |(Pf)(x) — yo| <
|7 — 20| SUPLe[po—5,20+0] [ F' (@, f(2))] hence ||Pf —yolloc < IM and thus Pf € U if 6M <.

To show P is a contraction:

|Pf—Pgllo = sup / [F(s, f(s)) = F(s,g(s))lds| <L  sup  |f(z) —g(a)]
z€[xo—06,x0+0] |/ zo z€[xo—08,20+0]
So P is a contraction if K = dL < 1. The Contraction Mapping Theorem implies P has a unique fixed point,
h:|xzg — 8,29 + 6] — R, h has the required properties by Lemma 47. O
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13 POWER SERIES

13 Power Series
Apply theory in chapter 9 to power series ZZ’;O apz®, ap € R

Theorem 49: Suppose > ro apz® converges for x = xg # 0 and 0 < b < |zg|. Then >reo apz® converges
uniformly on [—b,b] and the derived series Y - kayz®~! converges uniformly on [—b, b].

Proof. (Idea: use M-test and W <1
> arxlk converges so apxf — 0 as k — oo and all terms are bounded. Choose k € Ry s.t. |apzh| < k. If

|z| < b then:

b \F
|akxk|<akbk|<k(|x |) =: My,

k—1
>~ My, converges with ; k— so M-test implies Y po, axz® converges uniformly on [—b,b]. > kk (‘L)
" Tzol
converges (by ratio test) Therefore, >-77, kapa®~! converges uniformly on [—b, b]. O
Remark:

1. The same proof works for ay,z,xzo € C and 0 < b < |z¢|. Both series converge uniformly on {z € C :
|z| < b}.

2. R :=sup{|zo| : 3 arzk converges} € [0, oo] defines the radius of convergence of the series and satisfies:

z€C:|z| <R = Y, agz® converges.
z€C:|z| >R = {arz": k € N} is not bounded and Y, a2"* diverges.

Theorem 50 (termwise differentiation and integration): Let R > 0 and let Y., _, ayz® be a real power
series that converges pointwise on (—R, R) C Rto f: (—R,R) — R. Then f is continuous and differentiable
with Vo € (=R, R), f'(z) = 3, kaxa® . If —R < ¢ < d < R. Then f| 4 is regulated and fcdf =

dk:+l k+1)
py 0 ak E+1

Proof. Take 0 < b < 9 < R. Then Zakxg converges so by Theorem 49, 3 apx* converges uniformly
n [—b,b]. By Theorem 25’, f|_ps is continuous at each point of [-b,b]. (=R, R) = Jycpop(—b,b) so
f: (=R, R) is continuous. Also > kayaz*~! converges uniformly on [—b, b] by Theorem 49, and by Theorem
29°, fis C! on [—b,b] with f/(z) = > 7, kayxz*~!, so f is C! on (=R, R). The integral result follows from
Theorem 24’ and:

n gkt okt

/C Zakx dx—Zak/cx dx—Zak Pl

O

Remark: By applying Theorem 50 repeatedly we find the function f : (=R, R) — R is infinitely differen-

tiable with f()(0) = klay. Hence the Taylor series of f is Yoo apz® which is f! If f is given by a power
:::12

series then its Taylor series is that same series, which does converge to f. Hence o7 8 which has

) T =

Taylor series ), 0z* = 0 is not given by a power series.
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13 POWER SERIES

Definition 17: Define the following functions: R — R (or indeed C — C) by power series:

. . 2 (—1)kg 2kt . . o2kt
sin : sin(x) := Z —t sinh : sinh(z) := Z —_—
P (2k+1)! = (2k+1)!
(o) o0
(—1)ka2k 22k
cos : cos(z) := Z —t cosh : cosh(z) := Z
= (2k)! = (2k)!

exp : exp(z) := Z o
k=0

but log : (0,00) — R, log(z) := ff %dt'

Proposition 51: The radius of convergence of each of the series for sin, sinh, cos, cosh, exp is co.

Proof. For cos, Vz € R:

2

'(1)k+1x2k+2/ (—1)kg2F _ ’ T sk e

(2k +2)! (2k)! (2k +2)(2k + 1)

so Vx converges by the ratio test (similar method for the other functions). O
Corollary 52: On R, exp’ = exp, cosh’ = sinh, sinh’ = cosh, cos’ = —sin, sin’ = cos.

Note: also true on C.

Proof. By Theorem 50, within (—R, R) = R:
k—

2, kxkt = 2d
exp’(z) = Z = Z — = exp(z)
k=1 ’ =0 J:
, B 0 (1)k(2/€)x2k71 _ 0 ) x2j+1 B ) o
cos'(z) = ; TS —jgo(—l)Jm = —sin(x) (put j =k —1)
Others similarly. O

Recall: a series > ay is absolutely convergent if 3 |ag| < oo, in which case any rearrangement of Y ay, is
absolutely convergent and gives the same sum, and:

zj:aj (;m) = %:ajbk

Proposition 53: Vz € C:

cosh(z) = %(exp(m) + exp(—x))

sinh(iz) = isin(z)

sinh(z) = %(exp(x) —exp(—x))

cosh(iz) = cos(z)

exp(ix) = cos(x) + isin(x)
exp(z +y) = exp(x) exp(y)
cos(x + y) = cos(z) cos(y) — sin(z) sin(y)
sin(z + y) = sin(x) cos(y) + sin(y) cos(x)

(cos(x))? + (sin(z))? =1



13 POWER SERIES

Proof. Rearranging:

1 Iemzh 1R (k2 1 & L A .
g(exp(x) —exp(—z)) = 5 kZ:O PR ’;) i 9 kzzo(l - (=1) )H = pr W = sinh(z)
( ) i (z +y)* izk: Kl yk=i Lyt i 2l () exp(z)
exp(x +vy) = — = T N o =y | = eXply)exp(x
VLR i i =R\ & 1)\ = Y

(binomial theorem)
Others, similarly:
1 = cos(0) = cos(x — x) = cos(x) cos(z) + sin(z) sin(z)
(using sin(—z) = —sin(z) and cos(—z) = cos(x)) O
Proposition 52: There is 7 > 0 with Va € R, sin(z 4+ 7) = —sin(x) and cos(z + 7) = — cos(x).
Proof. sin’(0) = cos(0) = 1 and sin(0) = 0 so for all small positive x, sin(z) > 0. For 0 < z < 12:

x> 2 2" 2f

sin(z) < x — a7 + T + or (since —% + ’f—;’ < 0, and the same for the next terms)

and sin(4) < 4 — 4 + 4 4L 40 - (6617 < 0. By the IVT (Analysis 1) sin takes value 0 in (0,4).

Define 7 as the smallest x in (0,4) with sin(z) = 0. Then cos’ = —sin is negative on (0,7) so the MVT
implies that cos (g ] is strictly decreasing. By Proposition 51 cos? (1) 4 sin?(m) = 1 so cos(w) = —1. Hence:
sin(z + 7) = sin(x) cos(m) + cos(x) sin(w) = — sin(x)
cos(z + ) = cos(x) cos(m) — sin(x) sin(w) = — cos(z)

O
y o) — s o
Note: Vz € R sin(z + 27) sin(z + 7) = sin(x)
cos(z + 2m) = — cos(z + 7) = cos(x)

i.e. these functions are periodic with period 27 and so is any linear combination of them of sin(kz) and
cos(kx), and any pointwise convergent ), - (ax cos(kx) + by sin(kx)) (recall Fourier series).
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